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1. Introduction 
Using of the computer simulations allows dealing with 

statistical models which are difficult to handle analytically. Markov 
Chain Monte Carlo (MCMC) methods (see e.g. [1-12]) are tools for 
obtaining approximate samples from a given distribution. The great 
popularity and the effective using of the MCMC are based on the 
free access to mighty numerical platforms including advanced 
scripting languages for statistical modeling tools like the R 
language. One of the very basic theoretical concepts of MCMC is 
the discrete time Markov chain in a finite state space. This paper is 
devoted to the specific systemizing of some fundamental 
characteristics in the context of their application to the MCMC 
technology.  

2. Markov chains in a finite state space 
The careful study of this most simple case is a good base for the 

introduction of all the fundamental concepts in the general state 
space case. Let X be a finite set of elements ( )Nkxk ≤≤1, . The 
collection ( )XS  of all subsets of X  is a σ -algebra. One can define 
on ( )( )XX S,  various probability measures (distributions), setting up 
the probabilities  
(1) ( ) 0≥= kk vxP  
with a normalization condition 
(2) 121 =+++ Nvvv  .  
We can associate the latter distribution with a X -valued random 
variable X→Ω:X . Here it is supposed technically the existence of 
a measureable space ( )A,Ω  such that the function X  is ( )( )XSA,  
measureable. The stationary Markov chain on X  is convenient to 
be defined in the terms of a sequence of random variables 

( )( ),2,1,0, =nX n  for which is known the conditional distribution 

(3) ( ) ( )( ) ijinjn axXxXP === −1|   

defining the conditional probability for moving from state ix  to 
state jx . It is convenient also to describe the chain as a sequence of 

probability distributions on X . The initial random variable ( )0X  is 

supposed with a given initial distribution ( ) ( )( )kvv 00 =   

(4) ( ) ( ) ( ) ( )( )TNvvvv 020100 ...= . 

According to (3) the distribution ( ) ( )( )knn vv =  of any next random 

variable of the chain ( )nX  is obtained consequently by the formula  

(5) ( ) ( )∑ = −=
N
i ijinjn avv

1 1 .  

Introduce the transient matrix ( )ijaA = . Then (5) can be written as  

(6) ( ) ( ) ,2,1,1 == − nAvv T
n

T
n , 

from which we get  
(7) ( ) ( )

nTT
n Avv 0= . 

All vectors are assumed as columns and the matrix multiplications 
are according to the row by column rule. Under the definition the 
elements of the transient matrix A  are nonnegative and it holds  

(8) ∑ =
=

N
j ija

1
1 . 

Such matrices are called stochastic. If the matrix A  is stochastic 
then any its power nA  is also stochastic. Moreover 11 =A  where

( )T111 =1  is the column vector of ones.  

The stochastic matrix A  satisfies the detailed balance condition 
if there exists a distribution π on X  such that  
(9) ijaa jijiji ∀= ,ππ . 

The distribution v  on X  is called invariant for the Markov chain 

(respectively for the stochastic matrix A ) when Avv TT = . 
Obviously if the initial distribution is invariant then any next 
distribution of the chain coincides with it. Moreover if the matrix 
A  satisfies the detailed balance condition (9) then π  is an 

invariant distribution for A  because  
(10) ( ) ji i jijjiji ijij

T aaaA πππππ ∑ ∑∑ ==== . 

3. The convergence theorem 
Under very general conditions the sequence of the powers of a 

given stochastic matrix has a limit that is a stochastic matrix of rank 
one which all rows are equal to the invariant distribution. The next 
convergence theorem appears as the most concise and applicable 
form of the well-known Perron-Frobenius theorem for the stochastic 
matrix A  taking into account that A  satisfies the detailed balance 
condition. Hereafter we present a specific proof of this known result 
that includes clear ability for generalization for the case of general 
state space Markov chains transition operators.   

Theorem. Let A  be a stochastic matrix for which it holds the 
detailed balance condition (9) with 0>πi . Let 0>ija ( )ij∀  or 

there exists a power nA  whose elements are positive. Then for any 
initial distribution v  on X  it holds  

(11) TnT
n

Av π=
∞→

lim . 

Proof. Assume that 0>ija  ( )ij∀ . The proof will be separated 
in several steps.  

1) Let ( )π2L  be the Hilbert space with an inner product for 
Nf R∈  and Ng R∈  (see e.g. [12]) defined as follows   
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(12) ∑ π=π i iiigfgf , . 

We will show that the matrix A  represents a self-adjoint operator in
( )π2L . We have  

(13)  

( )

( )
π

π

=π=π=






 π=





 π=

π




=π=

∑∑ ∑
∑ ∑∑ ∑

∑ ∑∑

Agffgfga

gfagfa

gfagAfgAf

j jjjjj i ijij

ii j jjijii j jiji

iii j jijiii i

,

,

 

which proves that A is self-adjoint. The norm of the vector Nf R∈  

in ( )π2L  is given by  

(14) ∑=
i iiff ππ

2
,2|||| . 

Besides  

(15) 
2

2

jj ij

j jj ijj ijjijijj jij

fa

faafaafa

∑

∑ ∑∑∑
=

≤=
 

therefore  

(16) 

( )

( ) ( )
( ) 2

,2
22

22

222
,2

||||

||||

π

π

ππ

ππ

ππ

fffa

fafa

faAfAf

jj jjj i jij

jj i jijjj i iji

i ij jiji ii

===

==






≤=

∑∑ ∑
∑ ∑∑ ∑

∑ ∑∑
 

whence for the norm of the operator ( ) ( )ππ 22: LLA →  we get the 
inequality  
(17) 1|||| ≤A . 

2) Let Nh R∈  be a vector for which hhA =2 . Then 1γ=h for 
some constant γ . For a proof consider the identity  

(18) ( ) ( )222 2 ijijiij hhhhhhh −+−+= . 

For the matrix ( )( )ijaA 2
2 =  we have  

(19) ( ) ∑= k kjikij aaa 2  

therefore 2A  satisfies also the detailed balance condition because  

(20) 
( )

( ) jijk k jkkijjkki

k kjkkik kjkikk kjikiiji

aaaaa

aaaaaaa

2

2

ππ

ππππ

∑ ∑
∑∑∑
===

===
 

Multiply (18) with ( )ija 2  and take a sum   

(21) ( )∑ j jijha 2
2  

( ) ( ) ( ) ( ) ( )∑∑∑ −+−+=
j ijijj ijiijj iij hhahhhaha 2

22
2

2 2

whence we get  
(22) ( ) ( ) ( )∑∑ −+=

j ijijij jij hhahha 2
2

22
2  

because 2A is also stochastic and from hhA =2  it follows that  

(23) ( ) ( ) ( ) 022 =




 −=− ∑∑ j ijijij ijiij hhahhhha . 

Multiply (22) with iπ  and take a sum  

(24) ( ) ( ) ( )22
22

2 iji j ijii iii j jiji hhahha −π+π=π ∑ ∑∑∑ ∑  

from which we obtain the equality 
(25) ( ) ( ) 02

2 =−∑ ∑ iji j iji hhaπ  

because  
(26) ( ) ( ) ∑∑ ∑∑ ∑ ==

j jjji j jiji j jiji hhaha 22
2

2
2 πππ . 

The equality (25) shows that γhk =  for some constant γ  because 

by conditions we have 0>iπ  and ( ) 02 >ija  for any i  and any j .  

3) Here we shall prove that for each vector Nh R∈  the 
numerical sequence  

(27) ,2,1,,2 =nhhA n
π

, 

is decreasing and bounded  from below by zero. Actually  

(28) 0||||,, 2
,2

2 ≥== πππ
hAhAhAhhA nnnn  

and moreover  

(29) ( )

π

π
ππ

π
+

π

++

π

+

=

=≤=

==

hhA

hAhAhAhAA

hAhAhAhhA

n

nnnn

nnnn

,

,||||||||

||||,,

2

2
,2

2
,2

2
,2

11122

 

from which we find that for any vector Nh R∈  the numerical 
sequence  

(30) ,,2,1,,2 =nhhA n
π

 

is fundamental and therefore convergent. From (29) it follows also 
that the all the operators ,,2,1,,2,1,222  ==− + pnAA pnn  are 

positive, i.e. that for any vector Nh R∈  it holds  

(31) ( ) 0,,, 222222 ≥−=− ++

πππ
hhAhhAhhAA pnnpnn . 

4) Here we shall show a common proposition. Let H  be a 

Hilbert space with an inner product ⋅⋅,  and norm fff ,|||| =  

and let HHT →:  be a bounded linear self-adjoint positive 
operator. Then it holds the Cauchy like inequality  
(32) fTfTTf ,|||||||| 2 ≤ . 

The positiveness of T  means that for any Hh∈  it holds
0, ≥hTh . For such operators it is not difficult to show the 

validity of the classical Cauchy inequality  
(33) gTgfTfgTf ,,|,| 2 ≤ . 

Replace in (33) Tfg =  and get  

(34) TffTfTfTfTfTf ,,|,||||| 224 ≤= . 

On the other hand the classical Cauchy inequality gives  

(35) ||||||||||||||||||||, 22 TfTfTTffTTffT ≤≤ . 

Replacing the latter in (34) we get  
(36) 24 ||||||||,|||| TfTfTfTf ≤  
that is (32).  

5) Let nf R∈  be chosen arbitrary. Here we shall show that 
there exists the limit   
(37) 11 π,lim ffAn

n
=

∞→
. 

For this purpose firstly apply (32) to the positive operators 
 ,2,1,,2,1,222 ==− + pnAA pnn  and get   

(38) 
( )

( ) ffAAAA

fAA
pnnpnn

pnn

,||||

||||
222222

2222

++

+

−−≤

−
 

whence by (17) we find  

(39) 




 −≤− ++ ffAffAfAfA pnnpnn ,,2|||| 2222222 . 

According to the step 3) the numerical sequence ffA n ,2   is 

decreasing and convergent, i.e.  

(40) 0,,lim 222 =




 − +

∞→
ffAffA pnn

n
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uniformly for any ,2,1=p . Now (39) gives that the sequence 

( )fA n2  is fundamental and therefore convergent in ( )π2L . Denote 

its limit by Nh R∈ . We have  
(41)  hfA n

n
=

∞→

2lim  

and 
 (42)  hfAAfA n

n
n

n
==

∞→

+

∞→

2222 limlim  

whence we find that hfA =2 . From step 2) for the limit h  we 

obtain that 1γ=h . Now we have 1γ→fA n2  therefore 

(43) γγ ππππ
=→== 11111 ,,,, 22 fAffA nn  

which gives πγ 1,f=  respectively  

(44) 11 π,lim 2 ffA n
n

=
∞→

 

From (44) we find also that  

(45) 
( )

1111

11

ππ

π∞→

+

∞→

==

==

,,

,limlim 212

fAf

AfAfAfA n
n

n
n  

Now the validity of (37) follows from (44) and (45).  

6) Denote ( )( ) ,,2,1, == naA ijn
n  where ( ) ijij aa =1  and  

(46) ( ) ( ) ( )∑ −=
k kjnikijn aaa 11  

for 1>n . One can verify by induction that the powers nA  also 
satisfy the detailed balance condition, i.e. ( ) ( ) jinjijni aa π=π . Let v  

be some initial distribution on X . We have  

(47) 

( ) ( ) ( ) ( )

( )
j

n
ji jin

i

i
j

i jinj
i

i
i i ijni

i

i
ijnij

nT

vAav

avavavAv







==

===

∑

∑∑ ∑

π
π

π
π

π
π

π
π

 

where 







=

i

ivv
ππ

. On the other hand (37) gives  

(48) 1111 =







== ∑

∞→ i i
i

in
n

vvvA π
πππ π

,lim  

which means that for any j  it holds  

(49) 1lim =







∞→ j

n
n

vA
π

  

which along with (47) gives that  

(50) ( ) j
j

n
n

jj
nT

n

vAAv π
π

π =





=

∞→∞→
limlim . 

The latter is a coordinate record for the limit (11) that we want to 
prove.  

Here it was assumed that all the elements of A  are positive. 
The case when this positiveness condition is supposed for the 
elements of some power nA , 2≥n , allows to be proven in an 
analogous way taking into account the technical modification where 
it is necessary. The theorem is proved.   

4. Discussion 
The presented proof uses only very basic notions from the linear 

algebra and the mathematical analysis. The advantage of this proof 
is that it can be generalized straightforwardly for more sophisticated 
Markov chains. This was the reason for the proof to be presented in 
six separate steps each of which is clear enough for generalization.    
The main drawback is the fact that this proof uses very essentially 
the detailed balance condition. The formulation of the theorem 
above differs from the classical formulation of the Perron–

Frobenius theorem but in the case considered this convergence 
result contains its essence.  

It is not difficult to see that the speed of convergence in (11) 
depends on the eigenvalue behavior of the matrix A . The spectrum 
of A  is real and contains 1  with a corresponding eigenspace of 
dimension one. Various examples show that 1  can appear as a point 
of amassment for the eigenvalues of A . Therefore the convergence 
sped could appear very slow.  

The result from step 4 is probably known from many sources. 
We present yet another proof here because of its importance in the 
common construction.  

5. Conclusion 
The stochastic transient operator associated with the various 

Metropolis-Hastings type algorithms often comes with the detailed 
balance condition. In this case the proof presented here offers a 
specific approach to show the convergence of the corresponding 
Markov chain to the stationary distribution.  
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